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Coordinate systems for the three dimensional space. Vectors and their inner product. Iectures and
We will study basic properties of vectors including their linearity and independence of coordinate transformation. Why problem set

do you use the concept of a vector in physics? When you describe a physical situation, a coordinate system is

1 introduced for the ease of calculation. However, there is no unique coordinate system and the physics should be
independent of a coordinate system. This implies that we need to develop the concept of coordinate independence when
you learn vectors and scalars.

Outer product, Vector-valued function, curves in three dimensional space. Length and curvature of a
curve.
In addition to the inner product of two vectors, there is a binary operation of vectors which produces

2 another vector out of two vectors. This is called outer product or vector product or cross product,
which is useful in physical situations involving angular momentum, magnetic field and electromagnetic
waves.

Parital derivatices and tangent planes, l|inear approximation
We consider multivariable functions and their partial derivatives. Using these partial

3 derivatives we study how to find the tangent planes at an arbitrary position in the
graph of a two-variable function. The concept of a tangent plane naturally leads to the
l'inear approximation of a multivariable function.

Directional derivatives and gradient
The concept of a directional dervative is introduced, which gives the slope of a multivarible function to a specified
direction. We also define the gradient vector of a multivariable function. In fact, the relation between the gradient

4 and the directional derivatice is dual to each other, where the gradient (or 1 form) is regarded as a function of a
vector to assign a number which is the slope of the function to the direction of this vector multiplied by its
magni tude.

Maxima and minima, the method of Lagrange multipliers
We discuss how to find local maxima and minima of a multivariable function by inspecting the critical
points of the gradient. In the presence of contraints an efficient way to find the maxima and minima

5 is to use the method of Lagrange multipliers. We apply the method of Lagrange multipliers to a number
of famous problems to appreciate the efficiency of this method.

Double integrals on a rectangular region, and in an arbitrary region in RXR.
We define double integrals on a rectangular region specified by a Cartesian product of

6 |two intervals [a,b] and [c,d]. We generalize this concept of the double integral into
an arbitrary region in RXR by intuitive way.

Double integrals in polar coordinate systems
In a natural extension of the double and triple integrals defined in Cartesian
7 coordinate systems we define multiple integrals in 2 dimensional polar
coordinate systems.
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Tri[;e integrals in cylindrical coordinate system and spherical polar coordinate system
We consider the volume element in the cylindrical coordinate system and the spherical
9 polar coordinate system. Using these expressions of the volume element we consider and
evaluate triple integrals defined in the cylindrical coordinate system and the
spherical polar coordinate system.
Vector fields
The concept of a vector field is introduced as a vector-valued multivariable function.
10 [We consider their scalar valued derivative which is called divergence. This is
followed by the vector valued derivative, which is called curl.
Line integral and potential function
We define a line integral of a vector field, which depends on the starting and end points and also on the curve
connecting them. We then show that if the vector field is irrotational (i.e. its curl vanishes) then there exists a
11 potential function of the
vector field where the line integral is given by the difference of the values of the potential function at the end and
starting points. This yields the independence of the line integral on the path, which is an essential aspect of a
conservative vector field.
Green's theorem
Green's theorem can be regarded as a special case of a more generalized Storkes theorem. It gives you the equality of a
double
12 integral of a derivative of a vector field defined on a 2-dimensional region and the line integral of the vector field
defined on the boundary of the region. This is the simplest manifestation of the duality illustrated by the
differentiation operation and boundary operation in a manifold.
Divergence theorem
Divergence theorem shows that the integral of the diverence of a vector field in a 3 dimensional region is equal to the
flux computed on the boundary of the region. This is also another manifestation of the fundamental theorem of calculus,
13 which
asserts the equality of the integral of a derivative and the values at the boundary. We will evaluate many example
integrals
to check this theorem more quantitatively.
Stokes Theorem
Stokes theorem says that the flux of the curl of a vector field is equal to the closed line integral
of the vector field along the boundary of the region. Its special case is the Green's function and
14 also another manifestation of the fundamental theorem of calculus. We will evaluate many example
integrals
to check this theorem more quantitatively.
Application to Maxwell's Equations
Maxwel|'s equations describe the behavior of the electric field and magnetif field generated by
1 electric charges in motion. From this we will obtain the wave equation that is satisfied by both
5 electric and magnetic fields, which travels in vacuum with the speed of light. In fact, light is also
an electromagnetic wave that can be detected by human eye.
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Students who require special assistance (including special needs students) may contact their
professors during the first week of the semester to discuss issues related to attendance,
lectures, assignments and exams and request learning assistance.
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